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Abstrat
Within the framework of a Kaluza-Klein theory, we provide the geometrization of a
generi (Abelian and non-Abelian) gauge oupling, whih omes out by hoosing a suit-
able matter elds dependene on the extra-oordinates.
We start by the extension of the Nóther theorem to a multidimensional spaetime
being the diret sum of a 4-dimensional Minkowski spae and of a ompat homoge-
neous manifold (whose isometries reet the gauge symmetry); we show, how on suh a
vauum onguration, the extra-dimensional omponents of the eld momentum orre-
spond to the gauge harges. Then we analyze the struture of a Dira algebra as referred
to a spaetime with the Kaluza-Klein restritions and, by splitting the orresponding
free-eld Lagrangian, we show how the gauge oupling terms outome.
1 BASIC STATEMENTS
The works of Kaluza [1℄ and Klein [2, 3℄ allowed to inlude the eletromagneti eld
within a geometrial piture, by adding an extra spaelike dimension to the spaetime;
in spite of this suess, the Kaluza-Klein theories had their full development only after
the formulation of non-Abelian gauge theories [4, 5℄. In fat the main ahievement of this
approah (for a omplete disussion about this topi, see the works olleted in [7℄ or the
review presented in [?℄) relies on the geometrization of Yang-Mills elds, whose group
of symmetry admits a representation in terms of an isometry in the extra-dimensions
[8, 9℄ (see also [10℄ for an extension of the multidimensionality idea to the supergravity
theory).
The prie that the Kaluza-Klein theories have to play for suh a geometrial piture
of uniation, onsists of restritions on the physially admissible spaetime an oordi-
nates transformations. In fat, the spaetime has to take the struture of a generi 4-
dimensional manifold plus a ompat homogeneous hypersurfae (suh a feature implies
a violation of the Equivalene Priniple) and along the extra-dimensions only transla-
tions of the oordinates are available (so violating the Priniple of General Relativity as
extended to a multidimensional spaetime).
However the geometrial theories of uniation an be settled down within General
Relativity by means of the so-alled Spontaneous Compatiation proess [12℄. In this
framework the Lagrangian of the theory is yet the multidimensional Einstein-Hilbert one,
but we observe the Kaluza-Klein restrition beause the vauum state has the ompat-
ied struture (i.e. it is a 4-dimensional Minkowski spae plus a ompat homogeneous
manifold); thus we may interpret the dimensional ompatiation as a spontaneous
breaking of the Poinaré symmetry.
Aim of the present analysis onsists of extending the Kaluza-Klein approah even to the
gauge onnetion assoiated to the Yang-Mills elds; it is ahieved by splitting a free
multidimensional spinor eld Lagrangian and xing the hypotheses neessary for the
appearane (within the redued 4-dimensional ation) of the gauge onnetion terms.
While the two Setions 2 and 3 are devoted to review respetively the gauge theories
and the Kaluza-Klein approah, in Setion 4, as rst step of this work, we generalize
the Nöther theorem to the vauum of a Kaluza-Klein theory; we show that the extra-
dimensional omponents of the momentum operator orrespond to the onserved harges
assoiated to the gauge symmetry. Suh an identiation requires suitable hypotheses
on the matter elds dependene with respet to the extra-oordinates; we take suh
a dependene in the form of a phase fator whih inlude the gauge generators. In
Setion 5 we analyze the Dira algebra on a Kaluza-Klein spaetime and see how the γ-
matries relations are preserved by the dimensional redution proess. The tangent spae
projetion of the spinor onnetion is disussed to outline that its extra-dimensional
omponent is a free quantity of our problem.
In Setion 6, on the basis of a Lagrangian approah, we split the ation of a free
multidimensional spinor eld and, after the dimensional redution (here is ruial to
take the integral over the extra-oordinates), we get the ation of a 4-dimensional free
spinor eld plus the gauge oupling with the Yang-Mills elds; undesired terms appearing
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in the splitted ation are removed by xing the residual spinor onnetion omponents.
In Setion 7 brief onluding remarks are provided to stress a dierene existing between
the Abelian and non-Abelian ase.
2 GAUGE THEORIES
Let us assign, on the Minkowski spae M4 (endowed with the oordinates system
{xµ} µ = 0, 1, 2, 3), a set of elds φr(xµ) (r = 1, 2, ..., n ∈ N), whose Lagrangian
density L(φr, ∂µφr) is invariant under the unitary transformations
φr = (exp{igωaTa})rs φs , (1)
where ωa (a = 1, 2, ..., K ∈ N) denote onstant parameters. while Ta rs are the K-
dimensional (Hermitian) group generators orresponding to the oupling onstant g.
In agreement with the Nöther theorem [4, 5℄, this invariane implies the existene of the
onserved harges
Qa = ig
∫
E3
d3xpirTa rsφs , (2)
being pir the onjugate momentum to φr and E3 the 3-dimensional Eulidean spae.
We upgrade the global symmetries (1), to a (loal) gauge one, by requiring that their
parameters beome spaetime funtions, i.e. ωa = ωa(xµ). The invariane of the theory
(i.e. of the Lagrangian) under the gauge symmetries involves new elds Aaµ(x
ν) into
the dynamis (the so-alled Yang-Mills elds); suh elds, under innitesimal gauge
transformations (ωa is replaed by δωa ≪ 1), behave as
Aaµ → Aaµ − εabcδωbAcµ − ∂µδωa ; (3)
here the quantities εabc denote the struture onstants of the Lie group and are dened
via the relation [Ta, Tb] = iε
c
abTc (indies a, b, c are raised and lowered in Eulidean sense
and repeated ones are summed from 1 to K). The elds Aaµ are said Abelian or non-
Abelian whether the struture onstants vanish or not.
In gauge invariant form, the Lagrangian density of the theory rewrites as
L(φr, Dµφr)− g
2
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F a µνFa µν ; (4)
above Dµφr ≡ ∂µφr + igTa rsAaµφs indiates the gauge ovariant derivative and the
quadrati term in the gauge tensors F aµν ≡ ∂νAµ − ∂µAν + εabcAbµAcν provides the gauge
vetor elds dynamis.
3 KALUZA-KLEIN PARADIGM
Within a Kaluza-Klein theory [7℄, the gauge elds are geometrized by adding, to the
4-dimensional spaetime V4 (having internal oordinates xγ γ = 0, 1, 2, 3), a ompat
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homogeneous D-dimensional spae ΣD (having a very small size and adapted oordinates
θl l = 4, ..., D, whose isometries orresponds to the gauge symmetries. If we take the
dimension of the gauge group equal to that one of the extra-spae (i.e. K = D), then
the whole manifold V4+D = V44× ΣD admits, in the 4+D-bein representation. the line
element
ds2 = η(C)(D)e
(C)
A e
(D)
B dX
AdXB η(C)(D) = diag{1,−1, ...,−1} , (5)
being XA , A, B,= 0, 1, ..., D the oordinates on V4+D (i.e. XA = {xµ, θl}), while the
indies in parenthesis refer to the 4+D-bein; here the vetors e
(C)
A take the form
e(A)µ =
(
u(ν)µ (x
γ) ; γA(n)µ (x
γ)
)
(6)
e(A)m =
(
0 ; ξ(n)m (θ
l)
)
. (7)
The reiproal vetors eA(C) (suh that e
(C)
A e
B
(C) = δ
B
A ; e
(C)
A e
A
(D) = δ
(C)
(D)) are as follows
eA(µ) =
(
uν(µ)(x
γ) ; −γA(n)ν (xγ)uν(µ)(xγ)ξm(n)(θl)
)
(8)
eA(m) =
(
0 ; ξn(m)(θ
l)
)
; (9)
here the vetors uν(µ) and ξ
n
(m) are reiproal respetively to u
(ν)
µ and ξ
(n)
m , while γ =
const..
The vetors ξ(m)n orrespond to the Killing elds of the ompat manifold Σ
D
and
therefore satisfy the relations
∂nξ
(p)
m − ∂mξ(p)n = C(p)(q)(r)ξ(q)m ξ(r)n (10)
D∇nξ(p)m + D∇mξ(p)n = 0 , (11)
where C
(p)
(q)(r) denote the struture onstants of the isometries group on Σ
D
and the
ovariant derivative
D∇m refers to the extra-dimensional metri.
The Kaluza-Klein paradigm is implemented by requiring the expliit symmetry break-
ing of the 4+D-dimensional dieomorphisms into the 4-dimensional general oordinates
transformations xµ
′
= xµ
′
(xν) and a translation along the extra-oordinates θm
′
=
θm + ω(p)(xν)ξm(p). Under innitesimal transformations of the above type, u
(ν)
µ behave
like 4-bein vetors, ξ(n)m like salar quantities and A
(m)
µ transform aording to gauge
4-elds.
The geometrization of a gauge group is ahieved by requiring that its struture onstants
εabc and the oupling onstant g oinide, respetively, with those ones of the isometries
C(p)(q)(r) and with the onstant γ
√
c3/16pi 4G (where the 4-dimensional Newton onstant
reads from the multi-dimensional one as
4G ≡ 4+DG/V , being V the volume of ΣD).
In fat, hene the 4+D-dimensional Einstein-Hilbert ation provides, after dimensional
redution, the 4-dimensional Einstein-Yang-Mills one (i.e. we get ordinary 4-gravity and
a Yang-Mills ontribution).
4
4 NÖTHER THEOREM
We disuss the invariane of a 4+D-dimensional eld theory, on the spaetimeM4×ΣD,
(in absene of gauge elds, i.e. A(m)µ ≡ 0) under a translation of the oordinates, i.e. we
extend the Nöther theorem [4℄ to the extra-dimensional ontext.
Let us onsider a set of elds ϕr(x
µ, θm) (r = 1, 2, ..., n), whose Lagrangian density L
is invariant under the innitesimal oordinates displaement xµ
′
= xµ + δωµ and θm
′
=
θm + δω(p)ξm(p) with
(
δωµ δω(p)
)
= const.; in 4+D-dimensional notation, we take the in-
nitesimal oordinates transformationXA
′
= XA+δω(B)eA(B) (with δω
(A) =
(
δωµ, δω(p)
)
and uν(µ) = δ
ν
(µ)) whih, in turn, indues the orresponding elds transformation
ϕ′r = ϕr + δϕr , δϕr = ∂Aϕre
A
(B)δω
(B) . (12)
The Lagrangian density invariane provides
∂ALeA(B)δω(B) = ∂A
(
∂L
∂(∂Aϕr)
δϕr
)
−
[
∂A
(
∂L
∂(∂Aϕr)
)
− ∂L
∂ϕr
]
δϕr . (13)
Now, using the Euler-Lagrange equations
4+D∇A
(
∂L
∂(∂Aϕr)
)
− ∂L
∂ϕr
= 0 (14)
and observing that, forM4×ΣD, we have 4+D∇AeA(B) = 0 (here 4+D∇A denotes the
ovariant derivative with respet to the metri JAB), equation (13) rewrites as
4+D∇A
(
∂L
∂(∂Aϕr)
∂Cϕre
C
(B) −LeA(B)
)
= 0 . (15)
This ontinuity equation leads to the onserved 4+D-dimensional elds momentum
P(A) =
∫
E3×ΣD
d3xdDθ
{
Πr∂Bϕre
B
(A) −Le0(A)
}
, (16)
where Πr orresponds to the onjugate momenta of ϕr and behaves as 4+D-dimensional
densities of weigh 1/2.
The dependene of the elds ϕr on the extra-oordinates θ
m
has to be in the form of a
phase fator, beause their matrix elements must not depend on them, i.e. we assume
the struture
ϕr =
1√
V
e−iτrs(θ
m)φs(x
µ) ⇒ Πr = 1√
V
pis(x
µ)eiτsr(θ
m) , (17)
being φr and pir 4-dimensional onjugate variables, while τrs(θ
m) denoting generi
Hermitian matries ompatible with the symmetries of ΣD.
The substitution of these expressions into equation (16) provides the outomings
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Qµ ≡ Pµ =
∫
E3
d3x
{
pir∂µφr −Lδ0µ
}
(18)
Q(m) = − i
V
∫
E3×ΣD
√
Kd3xdDθ
{
pirξ
n
(m)∂nτrs(θ
m)φs
}
, (19)
above K refers to the determinant of the extra-dimensional metri.
We see that the 4-dimensional omponent of the onserved urrent orresponds to the or-
dinary 4-momentum vetor. Furthermore we take the position τrs(θ
m) = T(p) rsλ
(p)
(q)Θ
(q)(θm),
being T(p) rs the gauge generators, λ
(p)
(q) a onstant matrix to be determined and Θ
(q)
ex-
pandible in the harmoni funtions of ΣD [?℄; hene the harges Q(m) rewrite
Q(m) = −i
√
c3
16pi 4G
∫
E3
d3x
{
pirT(m) rsφs
}
. (20)
as soon as we identify the matrix λ−1
(p)
(q) with the quantities
λ−1
(p)
(q) =
√
16pi 4G
c3/2V
∫
ΣD
√
KdDθ
{
ξm(q)∂mΘ
(q)
}
, (21)
where by λ−1
(p)
(q) we denote the inverse matrix of λ
(p)
(q) (i.e. λ
−1(p)
(r)λ
(r)
(q) = δ
(p)
(q)). Equation
(20) oinides (apart from a fator −γ whih do not aet the onservation law) with
the onserved quantities (2) and therefore it shows how, in a Kaluza-Klein theory, the
harges assoiated to an Abelian or non-Abelian gauge theory ome out from the extra-
omponents of the elds momentum vetor.
However, under the same assumption, equations (13) and (17) provide, for the in-
nitesimal oordinates transformation xµ
′
= xµ, θm
′
= θm + δω(p)ξm(p), the following
gauge transformation on φr
φ′r =
(
δrs − iδω(q)λ(n)(q) ξm(n)∂mΘ(p)T(p) rs
)
φs . (22)
Expression (22) beomes equivalent to (1) only if we require
ξm(n)∂mΘ
(p) = δ
(p)
(n) ⇒ ξ(n)m = ∂mΘ(n) . (23)
This result is equivalent to the vanishing of all the strutures onstants C
(p)
(q)(r). Thus
the extra-dimensional omponents of the 4+D-momentum vetor beome those 4-dimensional
ones of a onserved harge in orrespondene to Abelian or non-Abelian gauge theories;
but the gauge transformation of the elds is indued by the translation along the extra-
dimensions only for the Abelian ase, when the line element of ΣD an be redued to
the Eulidean one, i.e.
Ddl2 =
∑D
m=1(dΘ
m)2.
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5 DIRAC ALGEBRA
In a at 4+D-dimensional Minkowski spae M4+D, the Lagrangian density of a set of
massless spinor elds (the presene of a mass term does not aet the below analysis,
while the hirality of the spinors is not addressed here [13℄) Ψr(X
A) takes the form
LΨ = i
2
(
∂AΨ¯rγ
AΨr − Ψ¯γA∂AΨr
)
, (24)
where by γA (Ψ¯ = Ψ+γ0) we denote the Dira matries, satisfying the anti-ommutation
relations
{γA , γB} = 2IηAB , (25)
being I the identity matrix and ηAB the MinkoWskian metri.
On a urved 4+D-dimensional spaetime, the Dira matries beome funtions on the
manifold and have to be taken in the form γA(X
B) = γ(B)e
(B)
A , being the 4+D-bein
omponents equal to the onstant matries (24).
Thus, on a urved spaetime, the relation (25) rewrites as
{
γA(X
C) , γB(X
C)
}
= 2IjAB(X
C) , (26)
In orrespondene to the vetors (6) and (8) the matries γµ = γ(ν)uµ(ν) and γµ =
γ(ν)u
(ν)
µ dene the appropriate 4-dimensional Dira algebra with respet to the 4-metri
gµν ≡ η(ρ)(σ)u(ρ)µ u(σ)ν .
On a urved spaetime
4+DV, the Lagrangian density (24) rewrites as
LCurvΨ =
i
2
(
DAΨ¯rγAΨr − Ψ¯γADAΨr
)
DA ≡ ∂A ± ΓA , (27)
where (-) and (+) refer respetively to the appliation of the spinor derivative DA on
Ψ and Ψ¯. The quantity ΓA is a kind of gauge onnetion for the Lorentz group and
reads
ΓA = Σ
(B)(C)Ω(B)(C) A (28)
Ω(B)(C) A ≡ eD(C) 4+D∇Ae(B)D (29)
Σ(A)(B) ≡ 1
4
[
γ(A) , γ(B)
]
. (30)
Above Σ(A)(B) is the generator of the Lorentz group in the spinor representation, while
Ω(B)(C) A play the role of the orresponding six gauge vetors (whih in the Einstein
theory an be expressed via the bein vetors e
(B)
A ).
In agreement to the Spontaneous Compatiation idea, within a Kaluza-Klein theory,
the 4+D-dimensional Lorentz group is broken (near the vauum state M4 ×ΣD) into
the 4-dimensional Lorentz one plus the D-dimensional translation group. Therefore, in
this framework, the bein omponent of the quantity (28) (i.e. Γ(A) ≡ ΓBeB(A)) has to
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admit only the 4-dimensional term of the form (28), i.e. Γ(µ) = Σ
(ν)(ρ)uα(ρ)u
β
(µ)
4∇βuα(ν).
The form of the bein omponent Γ(m) will be determined in the next Setion by requiring
that, on V4×ΣD, the Lagrangian density (27) provides the gauge oupling between the
4-spinors and the Yang-Mills elds.
6 GEOMETRIZATION OF THE GAUGE
CONNECTION
We start from the following ation for a set of 4+D-dimensional spinor elds
SCurvΨ =
i
2c
∫
V4×ΣD
d4xdDθ
{
E
(
D(A)Ψ¯rγ(A)Ψr − Ψ¯γ(A)D(A)Ψr
)}
, (31)
being E ≡ dete(B)A . Realling that γ(A)D(A) ≡ γ(A)
(
∂(A) ± Γ(A)
)
, we an split the
above ation via the framework of Setions 4 and 5.
In fat we have
∂(A) ≡ eB(A)∂B , (32)
and hene, by (8), the following relations outome
∂(ρ) = u
µ
(ρ)∂µ − γuµ(ρ)A(p)µ ξm(p)∂m ≡ 4∂(ρ) − γuµ(ρ)A(p)µ ξm(p)∂m (33)
∂(m) = ξ
p
(m)∂p ≡ D∂(m) ; (34)
above, by
4∂(a) and
D∂(m), we denoted the diretional derivatives respetively on V4
and ΣD.
Furthermore we get
γ(A)Γ(A) = γ
(µ)Σ(ρ)(σ)Ω(ρ)(σ)(µ) + γ
(m)Γ(m) (35)
∂(m)Ψr = −iξn(m)T(p) rsλ(p)(q)∂nΘ(q)Ψs (36)
∂(m)Ψ¯r = iξ
n
(m)Ψ¯sT(p) srλ
(p)
(q)∂nΘ
(q)
(37)
, (38)
as well as we have Ψ¯rΨr = ψ¯rψr/V , being, in agreement to (17), {ψ¯(xµ) , ψ(xµ)} the
4-dimensional spinor elds.
Putting together these results and taking in (31), the integral over the extra-oordinates,
it provides the following 4-dimensional ation
SCurvΨ =
1
c
∫
V4
d4xU
{
i
2
(
4D(µ)ψ¯rγ(µ)ψr − ψ¯γ(µ) 4D(µ)ψr
)
+ Lint
}
(39)
Lint = gψ¯rγ(ν)uµ(ν)A(m)µ T(m) rsψs − ψ¯rγ(m)


√
c3
16pi 4G
T(m) rs − iV Γ(m)

ψs , (40)
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where U ≡ detu(a)µ and 4D(µ) denotes the ordinary 4-dimensional spinor derivative
projeted on the 4-bein.
In the above ation, the rst two terms provide the free 4-spinor elds, while those
ones in Sint orrespond respetively to the desired gauge oupling and to a ontribution
whih is not experimentally deteted; to remove suh a term we need the hoie Γ(m) =
−i
√
c3/16pi 4G
V
T(m) rsI.
At last, the above ation rewrites
SCurvΨ =
1
c
∫
V4
d4xU
{
i
2
((
4D(µ) − igT(m) rsA(m)(µ)
)
ψ¯rγ
(µ)ψs − ψ¯rγ(µ)
(
4D(µ) + igT(m) rsA(m)(µ)
)
ψs
)}
.(41)
We see how, after the dimensional redution, the 4-dimensional ation ontains the
orret gauge oupling, whih appears as a onsequene of the geometrial nature of the
Yang-Mills elds within a Kaluza-Klein theory.
7 BRIEF CONCLUDING REMARKS
Putting together the geometrization of the Yang-Mills elds, performed in the usual
Kaluza-Klein approah, with the result here obtained, we see that, starting from the
4+D-dimensional gravity-matter ation
4+DS = 4+DSE−H+
4+DScurvΨ , after the dimen-
sional redution, we get a 4-dimensional ation desribing all the appropriate bosoni
and fermioni omponents with their relative ouplings, i.e. (with obvious notation)
4S = 4SE−H,Λ +
4ScurvY−M +
4Scurvψ +
4Sint.
The above analysis shows how, in the framework of a Kaluza-Klein theory, not only
the Yang-Mills elds an be geometrized, but also their gauge ouplings outome from
the splitting of the geometrial terms ontained in the matter ation.
The assumptions at the ground of our point of view are supported by the interpretation
of the extra-dimensional omponents of the elds momentum in terms of gauge harges.
However a dierene has to be emphasized between the Abelian and non-Abelian ase;
in fat, while for an abelian group the translations along the extra-dimensions indue
diretly the 4-dimensional gauge transformations, the latter one, in the non-Abelian ase
an be reognized only in the struture of the (dimensionally redued) 4-dimensional
ation. In this sense, the geometrization of the non-abelian gauge onnetion privilages
the Lagrangian representation of the dimensional redution with respet to an approah
based on the eld equations. Indeed, if we write down the 4+D-dimensional Dira
equation and split it in terms of 4-dimensional variables, then to get the right gauge
oupling terms it would be neessary to arry out an additional integration over the
extra-dimensional oordinates; however, this same piture would appear when splitting
the 4+D-dimensional Einstein equations toward the 4-dimensional Einstein-Yang-Mills
theory. Thus the dierent behavior, above outlined, between the Abelian and non-
Abelian theories with respet to a geometrial interpretation, is a general feature of the
Kaluza-Klein approah and it is not due to the spei assumptions we addressed here.
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